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ABSTRACT

This investigation addresses the problem of
hydrodynamic stability of a two-component
droplet undergoing spherically~symmctrlcal
gasification. The droplet components arc
assumed to have charactesistic liquid species
diffusion times that are large relative 10
characteristic droplet surface regression
times. The problem is formulated as a linear
stability analysls, with a goal of predicting
when _spherically-symmetric droplet
1gjasificm on can bc expected to be
ydrodynamically unstable from surface-
tension gradicnts acting along the surface of a
droplet which result from perturbations. It is
found that for the conditions assumed in this
paper (qudsisteady gas hase, no initial
droplet temperature gra fents, diffusion-
dominated gasification), surface tension
gradients do not play & role in the stability
characteristics. In addition, all perturbations
are predicted to decay such that droplets were
hydrodynamically stable. Conditions ar¢
identified, however, that deserve more
analysis as they may lead to hydrodynamic
instabilities driven by capillary effects.

INTRODUCTION

Influences of volatility differences and liguid-
phase transport on the vaporization and
combustion behaviors of multicomponent
droplets have been the subgact of numerous
investigations because © their potential
importance to the efficlent use of fuel sprays
as well as their fundamental interest. Many of

these investigations have focused upon

sphericallygsymmetric low Reynolds-number
evaporation and combustion of
multicomponent  droplets, Thesc
investigations have demonstrated that liquid-
phase species transport may be important
when surface regression is fast compared 10
species transport, and when significant
volatility differences exist between liquid
components. Landis and Mills [1], for
example, report results of numerical analyses
concerning spherically-symmctric
evaporation of miscible binary droplets,
demonstrating the effects o volatility
differences and slow liquid-phasc species
transport. Law et al. have presented
numerical and theoretical analyses for
spherically-symmetric binary fuel evaporation
with or without combustion [2-4].
Experimcmal work in this area has been
active [see 5-12 for example). Law et al.
[12,13] have also reported results regarding
evaporation of methanol or other liquid
droplets in humid air; a focus of these studies
was the effects of water condensation on
droplet evaporation. Reduced-gravity
experiments on methanol droplet combustion
where combustion-gencrated water was
reasoned to have condensed onto the liquid
drg let have been reported by Choi et al.
[14}.

Some of these investigations have
demonstrated, for binary droplets with
sufficiently different liquid component
volatilities, that an initial transicnt period
exists during which the more volatile
component is preferentially cvaporated.
During this time, as the droplet volume
decreases, the fraction of the Jess volatile
component in the droplet is increased relative
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1o the initial state. Surface regression, when
sufficiently rapid compared 1o liquid specics
transport, Causes a "concentration boundary
laKer to develop near the droplet surface,
where species profiles exhibit sharp spatial
changes; the less volatile component is
"swept up” in a thin l?cr because it cannot
diffuse away from the droplet surface rapidly
enough, It has been observed that under
appropriate conditions (e.g., with species
transport sufficiently slow compared to
surface regression rates), a state may be
attained ‘where chanfe-:a in droplet
compositions occur slowly with respect to
changcs' i droplet size [1,2). This state,
which occurs after the initial transients have
decayed, typically exhibits a concentration
boundary-layer structure.® For sufficiently
small diffusion rates, this boundary-layer
structure ay persist for most of the
remalning droplet lifetime.

Based on this observation, Law and Law
[11] presented an asymptotic analysis
concerning sphericelly-symmetric
vaporization and combustion behaviors of
multicomppnent droplets for the case where
liquid-phase species diffusion is slow
compared to droplet surface regression rates.
In their anglysis, Law and Law focused upon
liquid-phege behavior for the case where the
boundary-layer structure changes slowly,
following . decay of initial transients. A
concluslon of this work is that once the
boundary-‘iaycr composition profiles have
been established in & droplet, the mass-flux
* fraction of ahy specles off the droplet surface
is equal to the initial liquid-phase mass
fraction of that specles prior to vaporization.
The analypis of Law and Law [11] was
extended by Shaw [15], who demonstrated
that following decay of initial transients, the
mass-flux fraction of any species off the
dmtglet surface is instead approximately equal
to the volume-averaged mass fraction of that
species in the droplet interior.

If temperature or species concentration
gradients exist at the surface of a liquid
droplet (e.g., because of small perturbations
in the environment or within the droplet), it is

* Here, "boundary layer" refers to the specics
concentration boundary layer near the droplet surface.

01.063.1995 13:195

possible for surface-tension gradients to
exist. If sufficiently intense, these surface-
tension gradients can cause significant
motions of the liquid-gas interface,
influencing transport of species and energy in
the gas and liquid phases. It is capl%lary
effects such as these that this paper is
concerned with, Theoretical studies will be
performed to determine the influence of
capillary convection on droplet hydrodynamic
stability, with a goal of determining how
capillary convection may compromise the
attainment of spherical symmetry. The goal
of this research is to perform a linear stability
analysis to determine whether the spherically-
symmetrical state is stable with respect to
small perturbations in the flow variables,
Viscous effects as well as the effects of
surface tension gradients will be allowed.
The analysis will consider only the portion of
the droplet history where the spherically-
symmetrical srecies profiles may be
considered quasi-steady. Earlier portions of
the droplet history associated with transient
liquid heating and the initial buildup of the
species concentration profiles will not be
addressed.

It is noted that there have been many
theoretical and experimental studies dealing
with the motions of droplets and bubbles
resulting from capillary effects. A literature
review has revealed, however, (hal most
previous studies of droplet gasification have
generally neglected effects of surface-tension
gradients, though a few studies have
appeared. Higuera and Lifidn [16] have
presented a linear stability analysis of an
unsupported and stationary droplet
vaporizing in a hot stagnant atmosphere. Chai
et al. [17] have also.presented results
pertaining to stability of evaporating droplets
vaporizing in a stagnant cnvironment.
Lozinski and Matalon [18] presented
analytical studies of spinning droplets with
thermocapillary effects. Niazmand et al. [19]
have recently presented numerical
calculations for vaporizing droplets that arc
moving relative to their environment. The
calculations of Niazmand et al. showed that
capillary flows can slgniﬁcantly affect droplet
internal velocity and temperature flelds of
vaporizing octane and methanol droplets,
even when droplet initial Reynolds numbers
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(relative to the gas phase) are as large as 50.

It is noted that following the initial

publications of Niazmand et al. [19], Shih
and Megarldis [20] presented computational
results on the effects of thermocapillary
stresses and flows for nearly the same

conditions as those considered by Niazmand .

et al. None of these previous studics have
considered droFlcts with more than liquid
specics, which is the primary subject of this
paper.

ESTIMATES OF THE IMPORTANCE OF
CAPILLARY EFFECTS

Bstimates of the importance of capillary
effects may be made by considering a droplet
of radius R. A temperature or species
concentration gradient along the liquid
surface will produce a surface-tension
gradient that will be balanced by surface
shear stresses in the gas and liquid phases.
For these estimates, §as-phasc shear stresses
will be assumed negligible relative to liquid
shear stresses such that surface-tension
gradients are primarily balanccd by liquid
shear. Neglect of gas-phase shear in surface
force balances is []us fled if the gas-phase
viscosity is small relative to the liquid
viscosity, a condition that is generally
satisfied for subcritical conditions, and if
liquid velocitics relative to the amblent gas are
small, i.e., there is not a thin momentum
boundary layer in the gas phase. Liquid-
'phase shear will be assumed to be
characterized by pLu/R, where p, is the
liquid viscosity, u a velocity characteristic of
the flow induced in the droplet and w/R
represents a characteristic velocity gradient at
the droplet surface. Use of R as a
characteristic distance should be appropriate
since for hydrocarbon and alcohol fuels of
interest, the ratio of the evaporation constant
k (based on the droplct dlameter, that is, k =-

4d(R2)/dt, where t is time) to the liquid
kinematic viscosity vy is of order unity or
less (i.c., k/vL < 1). Physically, if k/vp < 1,
momentum changes at the droplet surface
should have sufficient time to influence the

droplet interior before the droplet evaporates,
A balance between liquid shear stress and
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surface tension gradients gives u ~ Ao/ ~

1/t where Ao is a characteristic difference in
surface tension from one side of the droplet
10 the other, and t,, is a characteristic time for

_a fluld particle to be convected halfway
*around the droplet periphery (surface-tension

gradients aro characlerized by AG/R, and gas-
hase shear is neglected assuming that the -
iquid-phase viscosity is much larger than the
gas-phase viscosity). If we define t, = R2/k
as a characteristic gasification jime of a
droplet, we may expect that capillary effects

are negligible if tp/t, = RAG/(kpL) << 1.

Conversely, if RAc/(kpr) & 1, capillary
effects may cause significant convective
flows over the lifetime of a droplet.

The magnitude of Ao depends upon gradients
of temperatures and species concentrations
along the droplet surface. Let us first
consider surface temperature gradients alone.
For this case we may write Ac = [o/9T]|
AT, where T is temperature, ¢ surface

tcnsion, and AT is the temperature difference
from one side of the droplet to the other, If
this relatdon is used in the expression for ty/le,

we may solve for AT ~ ku /(R [96/0T ) as

being required for ty/lc = 1. For a 1 mm
diameter hydrocarbon or alcohol droplet
undergoing combustion, estimates suggest

that AT ~ 0.01 K is required to make tpftc ~
1. These estimates arc based upon the

characteristic values k = 106 m2/s, p, = 4

104 kg/(m s), and Bo/dT | = 10-4 N/(m °K),
which are appropriate for near-atmospheric

ressure conditions and droplet gasification
in a hot environment or combustion. Since

the ratio tp/te scales linearly with AT,

increases in AT producc increascs in ty/ic. It

thus appears that even very small temperature

giffercnces may induce significant convective
OWwSs. ’

We may also consider the effects of species
concentration gradients along the droplet
surface, neglecting temperature gradients,
For simplicity, attention will be restricted to
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droplets composcd of two miscible Hquid
components. For this case, we may write AG

~ Da/dxy [Ax; where x; is the mole fraction
of component "one" at the liquid surface, and

Ax is the difference in xy from one side of
the droplet to the other. Use of this result in

the expression for ty/te yields Axy =~
kp /R Poroxy b for tyte ~ 1.

Consider a methanol droplet of about 1 mm
diameter, It 1s known that methanol (or other
alcohol) droplets may absorb water from the

gas phase. The characteristic values Bofox; |
= 0.03 N/m, k = 106 m2/s, and py, =4 x
104 kg/(m s) are appropriate for making
order-of-mhgnitude estimates for methanol-
water mixture droplets undergoing

combustion at near atmospheric pressure.
Use of these values provides the result that

Axy ™~ 10°5 for tp/te ~ 1. Hence, very small
variations in water concentration along the
surface of a methanol droplet may induce
significant convective flows. Since the ratio

to/tc scales linearly with Ax, larger values of

Ax; produce increases in ty/tc. Significant
caplllary flows will negate the possibility of
attainin llquid-{)hasc spherical symmetry by
enhancing mixing in .an asymmetric and
unknown nanner. Estimates similar to those
Kmscnwd above for methanol-water mixtures
ave also been made for miscible binary
_hydrocarbon mixture droplets. These
estimates suggest that for droplet components
that vary significantly in volatility, e.g.,
heptanc-hexadecane, small differences in

surface mole fractions of one component (Ax

~ 10™) may cause ty/tc ~ 1. Such droplets
(with significant volatility differentials) have
been the subject of a number of reduced-
gravity experimental efforts which are
striving for spherical symmetry.

Based upon the above estimates, it appears
that small perturbations in temperature or
species profiles along the surface of a binary
miscible droplet may induce significant
convective flows. If sufficiently intense,
these convective flows will seriously
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compromise sphcrical symmetry, making
interpretation of reduced-gravity experimental
results (which are presumed to be spherically
symmelrical) difficult. For these reasons,
theoretical studies of the influences of
capillary phenomena on droplet gasification
and combustion are presented below. These
studies will allow the influences of capillary
phenomena to be dclincated with greater -
precision, allowing for better interpretation of
reduced-gravity experimental results, and
also for increased understanding of droplet
«~asification phenomena in gencral. For
simplicity, the analyses are restricled 1o
evaporation in a hot environment; effects of
as-phase combustion will be considered at a
[ater time. However, it is noted that the
-results presented here should be valid for
combustion of droplets when the flame lics a
significant distance away from the droplet
surface, for example when droplets are
burned in environments with low oxidizer
concentrations. :

In the following, the basic unperturbed
solution for quasisteady droplet evaporation
in a hot environment will {irst be presented.
This solution, which is presented for the
convenience of the reader, is a summary of
an analysls presented by Shaw [15). After

resentation of this solution, the viscous-

ow governing equations will be perturbed
and linearized. These equations will be
solved and stability criteria will be developed.

THE UNPERTURBED SOLUTION
Liquid-Phase Analysis

With the assumption of a constant liquid
species diffusivity Dy and also assuming that
liquid densities do not vary with time, liquid-
ghase species conservation may be taken to
e described by the partial differential
equation and boundary conditions (where y|
represents the mass fraction of species i)

oyt . Dy, 8 (291
ot r? ar{r or (1)
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QﬂdR)=dRQﬂ___
(l:)l ar *-Ylth r=R 81(“ ’ (ar r={ 0

and the initial condition )'l(f»o)=)’|o- Here, yjo
is taken for simplicity to be constant. The

variable 5 is the mass-flux fraction of species

1 from the droplet surface i.e., 8; =
(dmy/dt)/(dm/dt), where m is the droplet
mass, m; the mass of component i in the
droplet, and t the time. The droplet surface is
regressing, 80 th= 'ocation of the liquid-phase
boundary 1s time dependent. In the
following, the droplet surface is fixed at unity

with the transformation x=r/R. Then with e=-

DL/[R(dR/d1)], liquid phase specles
conservation is described by the initial value
problem

i _ e 9. (00 N

ot x20x *ox *ox @
oy _ _.s [0 l) -

(53% yl)x-x— % (%(—x-o.-(]

yi(x,0) = yio0 .

The physical time t and the nondimensional

t
time 1 are related by t= A dt/[dIn(Ro/R)/d1].

When d-square law surface regression holds,
i.e., where the droplet surface area decreases

- linearly with time, e=8Dp/k, where k=-

8R(dR/d1) is the evaporation constant. For
this case it then follows that t/ty=1-e°2%,

where t,=4R¥/k is the droplet evaporation
lifetme and Ry is the initlal droplet radius.

The situation of interest here Is when liquid-
phase speoies transport is slow relative to
droplet surface regression. Consider the
second component to have & volatility that is
low relative to the first component. The more
volatile component will be initially
preferentinlly vaporized, leaving the less
volatle component behind in the droplet, The
droplet will become richer in the less volatile
component relative to the initial state, with
most of the lower-volatility component left

©1.63.1995 13:18

behind being collected within a boundary
layer at the droplet surface. As surface
regression proceeds, the surface mass
fraction of the less volatile component builds,
and a state will eventually be attained where
vaporization of the less volatile component
becomes significant. Since both species will
then vaporize vigorously, and liquid-phase
diffusion is slow, further changes in droplet
specles profiles will occur slowly, Only that
part of the combustion history where both
components are vaporizing vigorously with
slowly-changing species profiles will be
analyzed here. Analyses of transient
boundary layer buildup have been given
elsewhere (21).

Inspection of Bq. (2) suggests that once
boundary layer growth has slowed
considerably and surface conditions change
slowly, further changes in species profiles
over the droplet radius will occur over times

A1 which may be of order (1/e). The time

period At ~ O(1/e) may comprise the major
portion of the remaining droplet lifetime in
physical time, since e<<1 is expected, as
argued below. Because characteristic changes
in'y are of order unity or less, the magnitude

of the partial derivative dy/or for these times

may be estimated as (dy/0t) S O(e). Hence,
it may be assumed that the boundary-layer
structure which has evolved once vigorous
vaporization of both components begins will

be adequate for evaluating &;. These
observations are qualitatively supported by
available numerical results {2], where the
boundary-layer structures were observed 10
persist for most of the droplet lifetime, until
near the end, when the more volatile
component was vaporized much faster than
the less volatile component.

Analysis of the boundary layer structure
procecds by considering Bq. (2). Because D,
1s generally small compared to characteristic
magnitudes of R(dR/dt), it may be considered

that € << 1, The “stretched” coordinate z=(1-

x)/e may then be inseried into Eq. (2). By
using techniques of matched asymptotic
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qxpankions. it may be shown [15] that the
mass-flux fraction 8; may be cxpressed as

5, = yio + 3e(y1. - yio) + O(e?) (3)

while the asgmptotic boundary-layer structure
is provided by

'YI=YIO+

(ys. - Yioyexp(-z)(1 + e(3z + 22/2)+..]. 4)

To complete the formulation of tl;c rmodcl; ﬁxc
- gas phase and the gas/liquid coupling must be
ana.ll;zed. as presented below.

Gas Phase Analysis

Ror analysis of the gas phase, the
simplifications of unity Lewis number,
quasisteadiness i.e., neglect of the transient
terms in the governing equations), negligible
body. forces, negligible radiant heat flux,

ual and constant specific heats and binary
diffusion coefficients, and that diffusion
obeys Fick's law will be employed. In the
following, the subscript + denotes that
conditions are evaluated on the gas side of the
gas-liquid interface.

Assuming spherical symmetry, the energy
and specics conservation equations for the
_gas phase can respectively be written as

=l d
pv‘i’—% }%dr(ﬂ%

vm:?—&ﬂ_ 2 QXL)
dr 2 dr dr

where p Is density, ¢, is specific heat, A is
thermal conductivity (assumed constant), T is
temperature, r is the radial distance outward
from the droplet center, D, is the gas-phase
species diffusivity (assumed constant and
equal for all species), Yj the mass fraction of
species i, and v is the gas velocity. These
equations are 10 intgigrated subject to the
conditions that T = T, and Y; = Y}, at the
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droplet surface (r = R) as well as T = T.. and
Y| = Yj. at infinity. The solutions to these
equations can be written as

T-T. " Y- Y. _ 1 -exp(-¢¥r)
Ti-To Yie-Yo 1. exp(-¢/R)

)

where the assumption of unity Lewis number
has been used and ¢ = r2pv(cy/A). By
applying the conditlons for conservation of
energy and species al the droplet surface
(psvil = -A(dT/dr), and &; = Yj, -

(D,/v)(dYydr),) it may be shown that ¢ =
R In(1 + By) = R In(1 + B;) where Br =

cp(Tn - T.YL and By = (Y}, - Yi)/ ;- Yiu)

are transfer numbers, 8; is the mass-flux
fraction of species i in the gas phase, and L =

THL, is the heat of vaporization of the liquid
mixture at the droplet surface. It is noted that
Bt and B; are required to have the same
numerical values.

From conservation of mass principles, it can

also be shown that k = 8A In(1+B)/(prLcp)
where B = Bt = B;. It may be shown that the
surface mass fraction of a droplet component

is calculated using Yy, = (B; + Yi.)/(1 + B),
while ¢ is related to B by

& = (DLoLCp) A In(1+B)). ©)

Gas/Liquid Coupling Analysis

To complete the formulation, the coupling
between the gas and liquid phases must be
considered, For simplicity, 1n this analysis
phase equilibrium and ideal solution behavior
will be assumed to describe vaporization,
Mole fractions (X) and mass fractions are
related by the identity X; = (Y YWOIEY W),
Gas and liquid mole fractions will be related
using Raoult's law and the Clausius.
Clapeyron relation with constant vaporizalion
enthalpy, giving
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Xj. = Xexp[Ly(1/Ty - VTpMRy] . )]

In Eq. (7), Ty, is the boiling temperature of
component i at the amblent pressure, and R;
is the gas constant for species i. The phase
equilibrium relations used here are not
essential for the development of this model.
Nonideal mixtures may be modeled, for
example, with the use of activity coefficients.

To solve for the spherically-s mmetrical
evaporation stats, we first specity yio. C..oe
this is done, values for the surface
composition in the gas phase are assumed

(subject to TY,, = 1). The surface

temperature is then iterated until £§; =1 is
attalned for the gas phase. The gas-liquid
coupling relations are then used to calculate
the surface composition on the liquid side of

the gas-liquld interface. The parameter € is
then calculated using Bq. (6), and a value for
yio based upon the values found above is
finally calcylated from Eq. (3). If this valuc is
not sufficlently close to the inltially-specified
value of yj, thie above procedure is repeated
with new values for the surface composition
in the gas phase. Calculations for various
cases are presented by Shaw [15], where it is

shown that the O(e) correction to §; present in
Eq.(ﬁ) is dominant when yjo is sufficiently
small, ‘

The spherically-symmetrical model has now
- been completely formulated. The results
presented- above are required for the
perturbation analysis developed in the next
section.

LINEARIZED STABILITY EQUATIONS
Liquid Phase

The conservation c?uations for the liquid are
assumed to be the incompressible constant-
property relations appropriate for viscous
flulds with negligible viscous dissipation.
These equations are listed below.

81.83.1995 13:19

V=0 (Continuity)
%-{L =-Vp +HAV (Momentum)

% = AT (Bnerﬁy). |

Qd{—' =Ddy; (Species)

It is to be noted that V represents the gradient

operator while A represents the Laplacian
operator. In addition, V is the velocity vector,

p is pressure, T is tomperature, and o is the
thermal diffusivity of the liquid. In addition,

-& = gf +V-V is the Lagranglan derivative.

Since the droplet surface is regressing, it is
convenient (as outlined above) to define the
normalized radial coordinate x = r/R. When
this is done, the Lagrangian derivative is
ransformed to the form

4.9.3.u*. 1dR2
SRR Vo xg oy

where V* is the dimensionless gradient
opcrator expressed in terms of x.

We will now perturb the liquid-phase
variables by assuming that V=V, +V
p=po+p, Te=To+T, Yi=VYiot+y
where the subscript "o" denotes the solution

for the spherically-symmetrical state and the
superscript "prime” denotes the perturbation

quantity. It is assumed that Vo = 0, po =
constant, T, = constant, and that yj, is
predicted by Eq. (4). The assumftion of
constant T, is consistent with the idea that
early transients associated with initial droplet
heat-up have decayed.

Substitution of the perturbed variables
presented “above into the liquid-phase
governing equations produces ovo ulion
equations for the perturbation variables (note
that “primes" will be omitted for brovity). In
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deriving these equations, the dimensionlcss

variables Vi = (8R/K)V', P = 8p'R¥/(kiL)
and Ty, = T/T.. are introduced, where T. is
the amblent tcm’ﬁ‘e;ratum and the subscript “L"
denotes liquid. The perturbation equations are
lincari by neglécting products of the
perturbation quantitles or their derivatives,
and terms involving the sphericall{r-
symmetrical base solutions cancel. In

addition, the dimensionless time T defined
carlier is introduocd, though 7 is rescaled as
described below (note that exp(-t) = R/Ry).
The timescale for liquid-phase species

diffusion is generally much greater than that
for diffusion of energy. A characteristic time

%, for specles diffusion across the thickness &
of the boundary layer is simply 7. = € (on the

= timescale). For analysis of the equations,
we therefore introduce the rescaled time

T=1/e to produce thc final form of the
equations, which are shown below.

v V=0 (Continuity) (8)

AV - V‘PL =0 (Momentum) @

oTL . _OT .
%_a.%u,x,éx& = eleA Ty, (Bnergy) (10)

L}

' %‘2&4- X-a%(l- +-{"V‘y(o
. an
=eAy (Species)

In deriving Bgs. (8) - (11), it has been
assumed that the velocity ficld in the liguid
phase will be a “cree ing" flow Q.c.,
dominated by viscosity) such that fluid
acceleration can be neglected in the first
aﬁproxima_tion. The variable Le is the liquid-
phase Lewis number; Lo {s assumed to be

large relative o unity and the product ele is
treated as O(1).

Solutions fo Egs. (8) - (11) will be sought
assuming that cach scalar perturbation
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quantity (Z(x,8,0)) can be expressed in terms
of a normal mode decomposition based upon
expansions in terms of spherical harmonics

2=F 3 ZeYROMM (2

ne(me=-n
where Z, depends only on the transformed

radial coordinate x and YR(0,0) is the
spherical harmonic function. The function Z,
represents a spatial amplitude of the
perturbation mode n. A normal-mode
analysis is appropriate herc since the
unperturbed solution is quasisteady in the

{ime variable 7. A final goal of the analysis

will be be to calculate the growth factor {3,

which will determine whether a J)erturbalion
will grow, decay, or remain steady.

If we multiply the radial component of the
momentum equation (V) by x and then twice
take the curl, we obtain the equation

2 'n(n+1) 2 :
i—z*%&d{'x_f) (Vi)=0  (3)

where Vi, is the amplitude of the amplitude
of the velocity perturbation in the x-direction
for the nt mode (for brevity the subscript "n”
is dropped from all equations involving
amplitudes). In deriving this equation, use
was made of the identity

Atoyz©.0)] =
2 n(n+1)
o420

X dx X

which is applicable for spherical harmonics
and where &x) is an arbitrary function of x.
Equation (13) is to be solved subject to the
condition that the solution is finite at x = 0.
Integration ylelds

Vix = axnl + agxn+l (14)

where a; and a; are integration constants that
will be determined by considering the
solutions at the gas-litimd interface (x = 1).
Interface conditions will be discussed later.



FROM UCD MAME ENGRG

The solution to the energy equation (Eq.
(10)) may be developed by noting that we

may reasonably expect that & << 1, To
maintain a balance between dominant terms in
Bq. (10), it can be assumed that time
derivatives are at most O(1/1.e) in magnitude,
which implies that the perturbed temperature
field may be considered quasisteady in the
first approximation, We will thus drop the
transient tetm from Eq. (10), allowing us 1o
focus upon the effects of species
perturbations on stability. Effects of
temperature perturbations were studied by
Higuera and Lifidn [16], who found that
instabilities from temperature perturbations
were important only when the base solution
exhibits significant temperature gradients at
the droplet surface: spatial temperature
gradients are assumed to have decayed to
negligible levels for the conditions under
study here. If we now assume a solution of
the form of Bq. (12), the resulting ordinary
differential equation for the amplitude Ty is

Py (2. x V4T
dx2 X gle/ dx
n(n~l-1).rm= 0.
2

(15)

ar point, and it is possible to develop a
Frobenius series solution about x = 0. When
this is done, it is found that the infinite-series
_ solution actually converges very rapidly, and
as a result the truncated expansion

Tpy = a{x“ + gt-m xn+2] (16)

may be used with little loss in accuracy (as is
a constant of integration), Applicability of

Eq. (16) is based upon the condition that eLe
is not small relative to unity; this condition is
typically well-satisfied for droplet
vaporizatlon problems. Though not shown
here, numerical solutions of Eq. (15)
compare very well with Bq. (16) for the
assumed conditions. In dcvclopinf Bq. (16),
the condition Tyx = 0 was applied at the
droplet center.

The Yoint x = 0 of Bq. (15) is a regular
singu

01.083.1995 13:21

Substituting Eq. (12) into Eq. (11) yiclds the

evolution equation for the amplitude yjix of
the liquid-phase species perturbation

Ba YiLx+€ X 9%1;_:

+ (ax™1+a2x"*) (yp-ypo) o e (17)

= g2 d2yiLx + 2 dyiLx _n(n+l)
dx2 X dx x2

YILxX) .

In develo ing thirequation, the leading-order
solution for droplet species profiles was used
(sec Eq. (4)). An asymptotic solution to Eq.
(17) will be sought assuming that & << 1,
which is generally met for droplet gasification
in hot environments. Examination of Bq. (19)
indicates that a boundary-layer structure may
be expected. The boundary layer will exist
close to the droplet surface, and it is found
that an appropriate scaling to allow analysis
of the boundary-layer is provided by the
transformation x = 1 - €z, where z < O(1) in
the boundary layer. Using this transformation
and retaining only the largest terms provides
the leading-order inner problem

YLy + dd‘z[:x - BoyiLx =

dz?

(a1 + 82) (¥i- - Yio) exp(-2) . (18)

The solution to Eq. (18) may be writlen as
YiLx = agexp(s4(l - x)/e) + asiexp(ss(l -
x)/e) - (8y + a)(¥i- - yio) exp{(x - 1)/€}/Bn,
where a4 and as; are constants and s4 = [-1 -
(1 + 4B,)V21/2 and s5 = [-1 + (1 +
4B,)1721/2, The leading-order outer solution

to Bq. (17) is simply y;.x = 0. To match the
inner and outer solutions we set as; = 0,

because for Re(B,) > 0 the inner solution
would grow exponentially fast for increasing
z. The solution to Eq. (25) may therefore be
expressed as

YiLx = agexp(sa(1 - x)/e] -
(19)

(a1 + 82) (¥1- - Yio) expl(x - 1)/e}/px.
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QGas Phase

For analysis of the Fas phase, we will
introduce the simplifying assumptions that
dcnsity changes, which are a result of
temperature changes, may be neglected in the
perturbation equations. We will also assume

that the vaporization is slow such that ¢/R =

In (1 + B) << 1 (but whers € = 8D¢/k is also
small relative to unity). This allows
simplified analytical solutions to be found for
the gas-phase perturbation variables. For

analysis of the case where ¢/R = 1 and where
density perturbations cannot be neglected,
numerical ‘integration of the perturbation
equations 1s needed; this analysis is now in
progress and will be presented elsewhere,

~ When ¢/R << 1, it is easily shown that a
Reynolds number based upon the gas
velocity and gas properties at the droplet
surface is small relative to unitz. Under these
conditions, we may neglect the convective
acceleration tenms in the momentum equation,
We will perturb the spherically-symmetrical
solution by assuming that Vv=vVq +7V,
p-po-l-p', T=Te+T, and Yi= Yo + Y/
where the subscript "0" denotes the solution
for the spherically-symmetrical state and the
superscript "prime” denotes the perturbation
_quantity. If we further let x = t/R and define

the dimensionless perturbed variables

Va = (pa/p) BREW', Tg = T/T.., Yig =

Yy and Py = 8p'R2(pg/pL)/(kpL), the
linearized conservation equations can be
writlen as

V.-Vg =0 (Continuity) (20)
AVg-YPg=0 (Momentum) @1)
A'Tg=O[¢R) (Energy) 22)

10
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A"Yio = O[¢/R) (Specics) (23)
where the subscript “G" denotes the gas
phase. Solutions to Eqgs. (20) - (23) can be
developed in the same fashion as was done
for the liquid-phase equations. The solutions
for the amplitudes of the nth mode of each
perturbation variable are listed below, where
the condition that perturbations should vanish

as x ~—» oo was applied and also where terms
of order ¢/R ‘or smaller were neglecied.

Vox = bix™ + byx-n-2 (24)
Tox = bax1 + O(¢/R) (25)
Yigx = bgyx-21 + O(¢/R) (26)

The amplitude in Eq. (24) is for the radial
velocity component, In addition, by, by, by
and by ere integration constants,

INTERFACE CONDITIONS :

The solutions for the perturbation quantities
contain nine unknown constants, which can
be determined by imposing appropriate jump
conditions at the liquid-gas interface. Written
in dimensionless form, equations describing
the interface conditions in terms of the
perturbation amplitudes are listed below.

Vix=Vox X))
A (v2 =£_l:.d_
ax 0V = 0= o (V) (28)
|42 iod . ] -

{dx2+2dx 24+4n(n+1)| V=

A o4 . ]

Y[dxz +2 4 2+n(n+ 1)V (29)
+ Mpn(n+ DTy, + My n(n + 1)y«
Tix = Tox (30)
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dTg, _Mdhx 9 L
X g dx +R el Vox G
(32)
%(YIOx*‘YlOOVOx)’ %xm‘
- $hne-ee -
(33)
%(YzoﬁYzooVOx)' g%(m
yi.lqT..
Yix=1Yi0x- ~TL (34)
140+
(1-y)LoT,, .
= Ty Yogg - 22, 35
yaLx = 2 Ya0x RyTol? L (35)

Equation (27) ddscribes overall mass -

conservation across the interface, while Eq.
(28) equates tangential velocities. Equation
(29) describes the balance between the gas
and liquid shear stresses and the surface
tension gradients that occur from temperature
and species gradients where Mr =

8Ro1/(T.kpy) and My = 8Roy,/(kuy) are

Marangoni numbers and ¥ = (Wa/RL)(PL/Pa).
. Bquations (30) equates fas and liquid
temperatures, anquq. (31) is an energy
balance across the interface. Equations (32)
and (33) are the interface species
conservation equations, while Eqs. (34) and
(35) are the lincarized versions of the

equilibrium condition (Bq. (7)) where I'y =

exp[L1(1/To, - 1/Ty1)/Ry]Wg/W and I'y =
explLa(1/To,s - 1/Th2)/R2]Wa/Wy, where Ly
and Ly, Ry and Ry, and Ty and Tyz are the
enthalples of vaporization, gas constants and
boiling temperatures of species 1 and 2,
respectively, and Wq and Wy, are average
molecular weights for the gas and liquid
phases. In deriving Eqs. (34) and (35),
perturbations in gas and liquid average
molecular weights were neglected.

11
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Substituting the gas and liquid solutions into
the intertace relations produces ninc
equations relating the nino unknown
constants. The equations can be expressed in
matrix form a:clA][B] = (0], where {B] =
[a1, B2, a3 841, by, by, b3, b4y, bsa] is 2
column vector and (A] is shown on the last

page of this paper. In this matrix, Qy = (n -
1)/n + My(yi- - y10)/(2Bn), Q2= (n + 2)/(n +
1) + My(y1- - y10)/(2Bn), 23 =1 +
[16eLo(2n + 3)]!, R4 = A/AG) (N T (n +
2)/[16eLe(2n + 3)}}, w1 = y1. LT/ (R1To,2)
and ya = (1 - y1. )LaT.W/(RaTo.2).

STABILITY PREDICTIONS/DISCUSSION

The stability of two-component droplet
gasification can be evaluated by scuinf the
determinant of [A] equal to zero and solving

for the growth factor f3,. Because of the large

number of terms in the matrix, this was
accomplished using a symbolic calculation

software package [22]. The variable B, was
found to depend upon a large number of
terms (roughly 100), and for brevity the
dispersion relation is not listed here.

Surprisingly, it was found that the disporsion
relation did not depend upon either of the
Marangoni numbers defined earlier (M4 and
My); they cancelled out of all calculations in
the determinant. This was verified directly by
calculating the minors associated with the

terms 1, Q, -MaQ3/2 and  -My/2 in [A];
the minors for -Maf23/2 and -My/2 were
1dentically zero, while the minors for £2; and

Q, were exactly cqual. In addition, the
dispersion relation predicted that droplets

should be absolutely stable, that is, B, <0 in
eneral. In retrospect, this result might have
n expected. To clarify why this is so, we
should recall that the leading-order solution
(yi=yio+ (3,, - yioyexp(-z)) was used for the
unperturbed state, while Eq. (3) shows that
the leading-order expression for the mass-
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flux fraction of species i Jeaving the droplet is

simply 8; = yjo, 1.., 8; is dependent only
upon the initial mass fraction of species i and
is independent of variations in other
variables. As a result, in this diffusion-
controlled limit for liquid specics transport,
small perturbations in liquid-phase velocity
and species profiles do not influence the
mass-flux fraction of a species leaving a

droplet, and 8 will be unchanged over the
surface of a droplet as will the liquid-phase
composition at the surface. By Eq. (5), the
gas-phase solution will therefore be
unchanged, and small perturbations in the

. liquid phase will not significantly alter gas-

phase specles or temperature fields so long as

8; = yjp 1s an adequate approximation. Under
these conditions, all perturbations die out
from viscous decay of velocity fields.

It should be noted, however, that these
conclusions are not expected to be valid for
all cases. For example, it is possible for the
O(e) correction in Eq. (3) to be important,
and when this is so the analysis presented
here may not be valid. This can happen, for
example, when species 1 is initially present in
very small amounts and is of low volatilit
relative to the other liquld species so that it
must build to appreciable levels at the droplet
surface before it can vaporize. Another
possibility is when species i was not even
present initially in the droplet, but was first
absorbed and then gasified from the droplet

. surface (e.f.. water condensation onto
alcohol droplets). For analysis of the stability
characteristics of drc;r ets under these
conditions, further analysis is necessary.
These analyses are being performed, and will
be published at a later date.

Even though these results were derived for

slow gasification rates (¢/R << 1), it is
expocted that they will be valid for rapid

gasification (¢/R 2 1) as well as for droplet
combustion. So long as the liquid species

transport 1s diffusion controlled and 8; = yio
is a good apgroximation for the liquid phase,
small perturbations in liquid-phase variables
(c.g., velocities) will not significantly affect

12
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. 8. As a result, small perturbations in liquid-

phase . variables will not induce surface
temperature or species gradients, and velocity
perturbations will decay from viscous effects.
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